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quent equations of system (7) by, respectively, the expressions

J = W1+ i e.yi + J-e.V1
ddi AI \ A2r2 /\ XiTi /

|- _ £ (j + J_ e,)(i + ± e^1

system (7) is transformed to

+ -

(8)

In system (8) we then average (over a single period) those
coefficients that are functions of cos0s and sin#s and which
have a period 2?r. After this the system assumes the final
form

AI
(9)

where the terms of higher orders are included in [Ui] andIB.].
System (9) describes the case when (m + n) zero roots

have 2(m + n) groups of solutions.
Thus, the investigation of the stability of the motion de-

scribed by system (1) with periodic coefficients (2) is reduced
to an investigation of the stability of the motion described
by system (9) with constant coefficients, when the latter
system has 2(m + n) groups of solutions for (m + n) zero
roots. This case was examined in Ref. 3, and, on the basis of
investigations of system (9), it is possible to conclude that
G. V. Kamenkov's theorems on the stability or instability of
the motion described by system (1) remain in force, if the
periodic coefficients (2) of system (1) are bounded functions
of tj and if the parameter e does not exceed the value following
from Sylvester's conditions.
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Mathematical Simulation of the Dynamics of Certain Processes
of Fluidization

V. M. ELIASHBERG AND I. A. BUROVOI

All-Union Science Research Institute of the Cellulose and Paper Industry, Leningrad

A method is proposed for setting up a pattern for mathematical simulation of the dynamics
of certain processes in apparatus with fluidized beds, based on the description of the macro-
kinetics of heterogeneous processes in such beds, by use of multidimensional phase space. In
this type of space, the heterogeneous process is considered a "pseudohomogeneous" one.
Some examples illustrating the application of the proposed method are presented.

ONE of the interesting regions in which methods of
mathematical simulation are applied is the investiga-

tion of the dynamics of different processes in equipment with
fluidized beds. For simulation of the dynamics of such
processes, one must first of all construct a sufficiently general
mathematical model to include within its scope both homo-
geneous and heterogeneous processes. In many cases it is
the heterogeneous processes which determine the transient
behavior of equipment.

The present paper is an attempt to solve the problem in-
dicated by assuming that heterogeneous processes in fluidized
beds may be considered "pseudohomogeneous" processes
in multidimensional phase space. So far as the authors
know, the literature on equipment in which fluidized beds
exist is concerned only with the dynamics of truly homo-
geneous processes.1

Translated from Inzhenerno-Fizicheskii Zhurrial (Journal of
Engineering Physics) 4, no. 7, 96-104 (1961). Translated by Da-
vid T. Williams, University of Florida.

Phase Space and Zones of Homogeneity

In order possibly to develop an all-inclusive scheme for
description of homogeneous and heterogeneous processes,
it is convenient to use the idea of phase space in describing the
distribution of solid particles. This space is defined in terms
of a set of rectangular axes along which we measure different
quantities characterizing a particle—for example, the three-
space coordinates, the degree of transformation, or any
other characteristic of the material, temperature, etc. Each
state of the process would correspond in phase space to a
particle representing the probability function, and these
particles in the aggregate would correspond to the density of
a fluid filling all parts of phase space.

Using this description of processes, we shall encounter both
real liquids and gases in three-dimensional space and also
certain fictitious liquids in multidimensional phase spaces.
In this description, the dynamics of a process reduce simply
to the motion of the given liquids.

It should be noticed, however, that the states of the liquids
in the spaces considered do not determine their motion
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uniquely, since these states do not contain information on the
distribution of the momenta. (From this viewpoint, it would
be more accurate to use the term "configuration space."
However, we prefer the designation "phase," because at each
point of the given space the particles undergo, in general, a
specified phase transformation.)

To avoid this difficulty, we assume that the essential char-
acteristics of the change in a flow process with fluidized beds
may be characterized adequately by certain numbers (for
example, Re, Ar, etc.), formed from various averaged quanti-
ties characterizing the processes. In this situation we do not
require, generally speaking, the introduction of individual
numbers for all apparatus; instead, we presume only that
such numbers may be introduced, for particular zones in a
given setup. There are many data in the literature indicating
that such an assumption is proper. Using this approach, a
closed description of the dynamics of a process may be ob-
tained by introducing empirical correlation criteria in a general
system of equations.

For the purpose of mathematical simulation, we introduce
a similar idea of zones of homogeneity of a process—that is,
we refer to such parts of phase space (including ordinary
space), throughout which the probability density of particles
(that is, the density of the fictitious fluid) and the density
and temperature of real liquids or gases may be considered
constant with an adequate degree of precision. In this
manner, the problem of simulation reduces to simulating the
dynamics of a process in each zone of homogeneity and to
discovering the relation between these zones.

In the following we illustrate the application of the pro-
posed method.

Phase Space of Zero Dimension

We consider certain thermodynamic processes in which
several different materials—solid and gaseous—are involved.
The description of the process by use of phase space of zero
dimension corresponds to the following idealization:

1) The process is homogeneous throughout the apparatus;
that is, the particles and gas are thoroughly mixed.

2) The mean composition of the particles involved in the
process remains constant in the different working regimes of
the apparatus.

The kinetic equations of the process may be described in
the following general form:2

Vi = Vt(Ci, .
VT = VT(CI,

, <v, T, r) (i)
where vt and VT are, respectively, the amount of the ith ma-
terial and of heat dissipated (or generated) per unit volume

per unit time as a consequence of chemical reactions; c$ the
mass concentration of the ith material; T the temperature;
F a set of quantities (numbers) determining the state of mo-
tion in the apparatus; and n the number of materials.

Assuming that the processes are homogeneous, we do not
recognize in Eqs. (l) any difference between homogeneous
and heterogeneous reactions, and in all cases we consider the
mass concentration of the material.

The requirements of material and thermal balance have the
form

dGi/dt = Qt- QS - v,V
dGT/dt = QT ~ QT' ~ VTV

(2)

(3)

where Gt and GT are the amount of the ith material and the
amount of heat in the apparatus; Qi and QT the flow of the
ith material and the flow of heat entering the apparatus;
Qi and QT' the flows leaving the apparatus; V the volume
of the fluidized bed; and t the time :

= Vct

GT = TV

(4)

(5)

where M?: is the specific heat of the ith material.
In this approximation, we express the quantities deter-

mining the nature of the motion in the apparatus as functions
of the outward flows, the temperature, and the flows of mate-
rial dissipated or generated in the apparatus. The depend-
ence of these quantities on the composition of particles is not
considered since it is assumed constant. For simplicity we
shall assume that the weight of the layer is constant, which,
generally speaking, is not necessary. Thus, we write in the
general case

F = r«?!, . . . , Fi'i, . . . , Vvn; T) (6)

The currents of material leaving the bed depend on the
concentration of material and on the quantities determining
the flow regime. This may be written

Qt' = Qt'(ct, r) (7)

The heat flow out of the bed depends on the currents of
material and on the temperature of the layer:

QT' = <2rW, T} (8)
(We neglect the dynamical effect of heat accumulation by
the walls of the apparatus and assume a constant external
temperature).

In Fig. 1 the mathematical simulation of the dynamics of
the process taking account of Eqs. (1-8) includes (n + 1)

Fig. 1 Simulation of dynamics of processes in a fluidized bed, taking account of
Eqs. (1-8)
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integrating blocks according to the number of equations of
material and heat conservation and inertia-free functional
blocks. In each specific case the simulation could be substan-
tially simplified by isolating those features of the dynamics
which exhibit the most interest (see, for example, Fig. 2).

In Fig. 2 it is assumed that the reaction depends on a
process of the first order, and that the currents of material out
of the bed are proportional to the concentration of these ma-
terials in the bed. KA and KB are coefficients of proportion-
ality. The diagram of this figure corresponds to an equation
of the chemical reaction having the form

aA + bB = cC + dD (9)
where A, B, C, and D designate the materials. Masses of
material are measured in gram-molecules or in gram-atoms;
a, &, c, and d are stoichiometric coefficients.

If, in Fig. 2, we consider the thermal balance and introduce
the relations expressing the effect of temperature change on
the rate constant of the reaction, we can simulate the dynamics
of the process with varying temperature. A more compli-

Fig. 2. Simulation of a process including only one
chemical reaction, for regimes stabilized in temperature

and hydrodynamical relations

cated diagram would include the influence of hydrodynamic
factors. The scheme described here, of course, remains ap-
plicable only if the assumption is valid that the system may
be expressed in a zero-dimensional phase space—that is,
if we consider the process to be homogeneous as previously
described.

One-Dimensional Phase Space

To illustrate an application of the ideas of a one-dimensional
phase space, we consider the burning process of the particles
of any material in a fluidized bed. We shall assume as be-
fore that the process is completely one-dimensional in the
apparatus space, an assumption that would not be valid in
any three-dimensional problem. However, in contrast with
the foregoing case, we do not now assume constancy in the
average fractional composition of the particles.

To make the problem more definite, we introduce the fol-
lowing assumptions, which have no fundamental significance
but which make the problem more easily visualized.

1) The burning reaction occurs on the surface of the par-
ticles and is of the first order with respect to oxygen. (The
equation of the reaction may be assumed to have the form
of (9), where, for example, B designates oxygen.)

2) In the burning process, the particles change only in
radius, retaining their spherical shape.

3) The current of material flowing out of the bed is pro-
portional to the quantity of material in the bed; the coeffi-
cient of proportionality is assumed to depend on the radius
of the particles.

For simplicity we consider only regimes which have stabi-
lized temperature and hydrodynamical relationships, since
the influence of temperature and hydrodynamic factors can
be accounted for quite adequately in complete analogy with
the preceding section by using a supplementary diagram and
by introducing the necessary connections. Thus we bring
into the computation only the requirement of material con-
servation, and assume that the constant of macroscopic reac-
tion rate has a magnitude dependent only on the radius of the
particles. Under these conditions, the phase space intro-
duced has only a single coordinate, namely, the radius r of the
particles.

The rate of change of the radius of the individual particles
may be written

dr/dt = -KCB (10)

where K is the constant of the burning rate and CB is the con-
centration of oxygen.

The quantity dr/dt is simply the rate of change of the coor-
dinate r, that is, the velocity of the fictional fluid previously
referred to along a given direction in phase space. Thus we
obtain a complete analogy with the phenomenon of convec-
tive transport, so that the component of the flow along the
r axis has the form

<f = p (dr/dt) = -KPCB (11)

where p is the number of particles existing per unit radius.
Taking into account assumption 3 of this section and ex-

pression (11), the equation of conservation for the number
of particles may be written

= KCB divp + qr - KAP (12)

where qr is the density of sources of particles and KA is the
proportionality coefficient between the number of particles
in the layer and the number of particles removed from the
layer in unit time.

The operation div in this case designates simply d/dr.
The rate of change of the mass of a particle is related to the

rate of change of its radius by

dm __ d /4
~dt ~ dt \3 (13)

where 7 is the density of the particle material.
The quantity of material B expended in burning, per unit

of time—QB'—is determined by

dm
~dt (14)

where b/a is the ratio of the stoichiometric coefficients from
formula (9). The equation of material conservation for the
material B has the form

B n n ' n >—— = QB-QB -QT —

Qr' = QT- QB' (15)

where Qr and Qr' are, respectively, the flow of gas into the
bed and out of it; p the mean pressure in the bed; V the
volume of gas in the bed; T the temperature; and GB the
mass of the material B in the bed.

Thus the problem of reproducing the dynamics of the proc-
ess will reduce simply to the problem of simulating Eqs.
(12), (14), and (15). This system of equations may be
solved approximately, for example, by use of an analogue
computer, if one goes from a continuous coordinate r to a
system of lumped circuits, that is, by the assumption of zones
of homogeneity. The approximate equations (12) and (14)
are then written
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dpi = K_

dt An CB(PZ - Pi) + qi' -

K

QB' ~ £ KtCBPi

(16)

(17)

The diagram for simulation of Eqs. (15-17) is shown in
Fig. 3. It is interesting to note that in addition to the
effects described by Eqs. (15-17) the same circuitry can be
used to simulate the process of degradation of the particles;
for this purpose, it is necessary to assign a coefficient of degra-
dation Kiz and to introduce the relation between the zones
of homogeneity with different radii. One of the relations is
shown by the dotted line.

At the expense of complicating the scheme, we might wish
to account for the influence of temperature and hydrody-
namic factors; if so, then within the scope of the approximation
already made, we might reproduce the selective degradation
of particles and the different effects of temperature and hydro-
dynamic factors by use of constants KI, . . . , Kn, correspond-
ing to particles of different radii.

Phase Space of Several Dimensions

Phase space of several dimensions might be introduced by
considering several one-dimensional effects at the same time.
For example, if it were necessary in the process described in
the preceding section simultaneously to account for distribu-
tion of particles as to size and of any coordinate of dimension
of the apparatus, we would change to a two-dimensional
phase space. If the space coordinate were, for example, the
depth of the fluidized bed x, then, as shown in Refs. 1-3, we
might express the components of the flow along that coordi-
nate as

<f = -D gradp ( grad = — (18)

wliere D is the mixing coefficient.
The component of flow along the r axis will be determined

as before by Eq. (11).
The condition of material conservation is written

dp/dt = — divq + q' (19)

where qr is the density of sources of particles, and div =
d/dx + d/dr.

If the space coordinate is the depth of the apparatus, then
it is especially convenient to use the assumption of zones of
uniformity. Thus, dividing the apparatus along the depth
direction into a series of sections within each of which uni-
formity may be assumed, and using some convenient assump-
tion of the mechanism of exchange between these portions,
it is possible to carry out the simulation of the dynamic prop-
erties of the process. By considering the second coordinate
r, we may include effects as, for example, the burning up of
the fine particles above the bed.

With the development of the simulation technique, the
solutions of similar and considerably more complicated prob-
lems will become more accessible to many research workers.
Therefore, the method proposed in this paper for describing
the dynamics of processes in apparatus with fluidized beds
may prove to be very convenient and practicable for setting
up suitable simulation methods. A detailed review of the
existing simulating equipment may be found, for example,
inRef.4.

Use of Mathematical Models for Analysis of
Kinetic Experiments

If a sufficiently complete description of the dynamics of
any particular process is available, mathematical models
may be applied successfully as a convenient procedure for
processing experimental data.

For a series of kinetic experiments, reactors with fluidized
beds5 are widely used at present. Results of experiments in
such reactors reveal a variety of effects, and as a consequence
the question arises of what information should be extracted
from the experimental material. Ordinarily, experimental
data is processed by a mathematical technique which is ap-
plied with confidence only to very simple effects. Since these
descriptions often only partially exhibit the physical proper-
ties, of the phenomena, their use often lacks the generality
desired and cannot serve as a reliable and quantitative indi-
cation of the nature of the process under investigation.
Therefore, a more detailed mathematical description of the
phenomenon is required. The treatment of experimental
data by use of ordinary methods can be done only with ex-
treme difficulty, so that simulation equipment appears to be
especially convenient.

In this paper it has been shown that mathematical models
permit the synthesis of effects characterizing complex experi-

Fig. 3 Approximate simulation of Eqs. (15-17)

ments from relatively simple effects. Since, in this, the model
carries out all necessary computations automatically, it fol-
lows that, by its use, the reverse problem should also be
solvable—that is, the problem of analyzing experimental
material. If the values of coefficients are selected on the
model to guarantee the best agreement with experiment, we
can extract in the process the values of a whole series of con-
stants from the experimental material. Through developing
a series of experiments in this fashion, it may be possible to
obtain relations reflecting the influence of different factors
on the given constants. Such an approach, according to our
conclusions, may be considered especially useful, since experi-
mental research has the objective of gaining information
necessa y for designing industrial equipment.

—Received November 29, 1960
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Reviewer's Comment

This paper contributes to the literature a procedure of
mathematical simulation of dynamics in the fluidized solids
equipment by means of an analog computer. Several
schemes of mathematical simulation are given for some simple
cases.

Provided that the mass transfer and chemical reaction fol-
low the simple models assumed in this paper, the proposed
mathematical simulation is acceptable. However, there are
a number of other factors that can control the overall transfer
or reaction rates in the fluidized beds. For instance, dis-
cussion of the formation of bubbles, dispersion of fine solid
particles in the bubbles, contact efficiency between the gas
stream and solid particles, and back mixing, etc., is lacking

in this paper. Therefore, readers should take note of the
restricted assumptions, employed here for the establishment
of the fundamental equations.

Only the diagrams of simulation of the proposed funda-
mental equations are presented in this paper, arid the re-
viewer thought it would be more valuable if it had included
several results of numerical calculation, preferably as the
dimensionless charts. Then the reader could compare his
experience using the fluidized solids equipment with the
mathematical treatments proposed in this paper or could
evaluate the adequacy of the fundamental assumptions.

—SAKAE YAGI
Professor of Chemical Engineering

University of Tokyo, Japan
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Determination of the Probability of Loss of Stability
by a Shell

V. M. GONCHARENKO

THE calculation of stability of a shell is the establishment
of a critical value X* of the loading parameter X such that

for X < X* the shell is guaranteed to be in a state considered
acceptable for operation. According to the theory of sta-
bility of shells (e.g., Ref. 1), a recommended value for X* is
the upper critical loading X+, calculated for shells that are
ideal in the sense that imperfections of form, material, and
the like may be ignored in its computation. As a basis for
this we may reason that the unperturbed state is stable in the
sense of Liapunov only for X < X+. However, comparison
of theoretical data with the results of experiments2 shows that
the actual X* lies significantly below the value computed from
classical theory. At present this fact is explained3"5 by the
observation that the stability of shells is significantly influ-
enced by the distribution of characteristics of the shell on
the one hand and by perturbations of the loading on the
other.

In the present note we wish to indicate that the influence
of the forementioned groups of factors has a different
character.

Let the characteristics of the shell and the nature of its
support be described by a system of parameters a/(j =
1,2, . . . , m) which are random variables with joint proba-
bility density function ^>(a,-), known from experiment. Let

Translated from Izvestiia Akademii Nauk SSSR, Otdel. Tech.
Nauk, Mekhanika i Mashinostroenie (Bulletin of the Academy
of Sciences of the USSR, Div. Tech. Sci., Mechanics and Ma-
chine ; Construction), no. 1, 159-160 (1962). Translated by
Warren S. Loud, University of Minnesota.

the one-dimensional probability density function of the load-
ing X be denoted by \l/(\). In the general case i^(X) depends
on the time; that is, X is a random process. Let us assume,
following Refs. 3 and 5, that the spectral density of \(t) is
different from zero only in the frequency range co <<C coo, where
coo is the lowest natural frequency of oscillation of the shell.
At t = h we put the shell in an unperturbed equilibrium state
with zero initial velocity and then observe its evolution under
the influence of a random loading \(t). If other factors
of a dynamical character are absent, then it follows from
our assumptions that this evolution will be through a se-
quence of equilibrium states, and, from the definition of
X+, that in each separate case loss of stability occurs at
X = X+(a,-). One may conclude that the distribution of
geometric and physical properties of the shell, the method
of support, and the loadings for its quasi-static motion reduce
simply to the corresponding distribution of the upper critical
loading. The possibility of loss of stability for X_(a/) <
X < X+(flj), where X- is the lower critical loading, depends
on dynamical perturbing factors having energy sufficient to
overcome the potential barrier. Thus the method of Bolo-
tin3>5 (in that part where the concept "quasi-static" is used)
may be considered a means of studying the distribution of the
upper critical loading.

From the preceding reasoning there follows a method of
determining the probability of loss of stability, somewhat
different from that described in Refs. 3 and 5. Under the
assumption of a quasi-static loading, we may write


